Abstract. We investigate various types of squeezing in a collective su(2J + 1) system consisting of spin-J particles (J > 1/2). We show that the squeezing in the collective su(2J + 1) system can be classified into unitary equivalence classes, each of which is characterized by a set of squeezed and anti-squeezed observables forming an su(2) subalgebra in the su(2J + 1) algebra. The dimensionality of the unitary equivalence class is fundamentally related to its squeezing limit. We also demonstrate the classification of the squeezing among the spin and multipolar observables in a collective su(4) system.
Introduction
Many quantum information protocols involve nonclassical states to achieve their quantum advantages. For instance, quantum high precision measurements achieve sensitivities beyond the standard quantum limit by utilising nonclassical states. The standard quantum limit is given by a coherent state, which satisfies the minimum uncertainty relation where quantum fluctuations are equally shared by any two quadrature amplitudes. One way to break this limit is to squeeze a coherent state [1] . A squeezed state exhibits quantum fluctuations below the standard quantum limit in one quadrature at the sacrifice of larger quantum fluctuations in the other, which is directly applicable to achieve high precision measurements. To apply squeezed states to high precision measurements, it is important that squeezing can be achieved relatively easily. Fortunately, squeezing can be achieved via quadratic Hamiltonian, and hence it does not require higher-order optical nonlinearity such as Kerr effect [2, 3] . Both squeezing and the quantum advantages by squeezing in the high precision measurements have been demonstrated in experiments [4, 5] .
The idea of squeezing has been extended to spin systems [6, 7, 8] . An ensemble of spins can be considered as a collective spin when it satisfies the symmetry under particle permutations. An ensemble of spin-1/2 systems can be treated as an su(2) system in a high dimension dependent on the number of spins in the ensemble. The coherent states of the su(2) system can be defined as the orbit of the SU(2) group action on a reference state [9] . Usually, we take the lowest weight state as the reference state, analogous to the vacuum state in the optical coherent states. Squeezing can then be introduced on the coherent state of the collective su(2) system. The spin squeezed states show quantum fluctuations below the standard quantum limit in one degree of freedom, similar to the optical squeezed states. In the spin-1 case [10, 11, 12] , the Hilbert space of a spin-1 particle can be spanned by three orthnormal states, and we can consider eight independent observables on the Hilbert space. They correspond to eight generators of the su(3) algebra, and hence the collective system inherits the su(3) structure. The dimensionality of the su(3) collective system can be determined by the number of the spin-1 particles. Similarly, if the ensemble is of spin-J systems, the collective spin can be treated as an su(2J + 1) system, where its dimension is determined by the number of the ensemble. This extension is relevant to current experiments of squeezing on spin ensembles; for instance, squeezing in a spin-7/2 atomic gas [15] and in spin-1 BoseEinstein condensates have been observed [16, 17, 18] . In view of current and near future experimental developments, it is important to characterize the rich structure of squeezing in the collective su(2J + 1) systems and to systematically classify them based on unitary equivalent classes.
Among the collective su(2J + 1) systems, the su(2) collective system is simple enough so that squeezing can be understood in comparison with optical squeezing. The representation space based on the SU(2) coherent states is a sphere, i.e. the Bloch sphere. Squeezing can be tracked on this two-dimensional space. Though it is compact, as the dimensionality of the Bloch sphere is the same as that of the phase space based on the optical coherent states, there are similarities between the SU(2) squeezed states and the optical squeezed states. When we extend the former to an ensemble of spin-J systems (J > 1/2), the structure of squeezing is no longer so simple. As the collective su(2J + 1) system has (2J + 1) 2 − 1 independent observables, there are a number of possible realizations of squeezed states. In the case of J = 1, there are the eight independent observables, which can be represented by three spin-vector components and five quadrupolar-tensor components, and squeezing can be implemented in terms of the su(2) subalgebra among these eight observables. Then, squeezing can be classified into two classes with the different squeezing limits.
In this paper, we generalize the classification to collective su(2J +1) systems, where the squeezing can be characterized by (2J + 1) 2 − 1 linearly independent observables. Following the classification in Ref. [11] , we classify squeezing based on the unitary equivalence classes, whose definition is given in Sec. 2.2. We also derive the structure factor of the su(2) generators to characterise each class and obtain the squeezing limits via the one-axis twisting interaction. This paper is organized as follows. In Sec. II, we generalize the classification to the collective su(2J +1) systems to show that the squeezing can be classified into the unitary equivalence classes of (2J + 1)-dimensional representations of the su(2) subalgebras. In Sec. III, we derive quantum fluctuations for squeezed states of collective su(2J + 1) systems with one-axis twisting and show their squeezing limits. In Sec. IV we apply our classification to a collective su(4) system to illustrate the unitary equivalence classes of the squeezing and their squeezing limits, and summarize the main results in Sec. V. Throughout this paper, a scalar, a vector, and a matrix are respectively represented by a normal letter, a bold letter, and a normal letter with a tilde, as in A, A, andÃ. The operator is denoted by a letter with a caret as inÂ.
Classification of squeezing in collective su(2J+1) systems

Observables of the su(2J+1) systems
Let us identify the linearly independent observables whose quantum fluctuations can be controlled via squeezing. Suppose there is a collective su(2J + 1) system consisting of N spin-J particles. The particles can be fermions as well as bosons when the spatial degrees of freedom of each fermion are frozen and the spin degrees of freedom are separable from the spatial degrees of freedom as in ultracold fermions trapped in an optical lattice [13] or magnetic impurities in a crystal [14] . We consider a squeezed spin state (SSS) which is generated from a coherent spin state (CSS) via a nonlinear interaction such as the one-axis twisting or the two-axis counter twisting [6] .
In a CSS, all particles are in the same single-spin state [6] . A single-spin state can be expanded in terms of the rank-d multipoles (d ∈ N) and it can be described by the spherical harmonics of degree d. In the case of a spin-1/2 particle, the three components of the dipole, i.e., the spin vector, are linearly independent and generate the su(2) algebra. In the case of a spin-J particle, the 2d + 1 components of the rank-d multipoles (1 ≤ d ≤ 2J) are linearly independent of each other, while the multipoles of the rank higher than 2J can be expressed in terms of the lower-rank multipoles and the identity. Thus, the spin and multipoles up to the rank of 2J, which are comprised of (2J + 1) 2 − 1 = 4J(J + 1) observables in total, completely characterize a single spin-J state; hence they can be chosen as the generators of the su(2J + 1) algebra. We define the second-quantized forms of the single spin and multipolar observables aŝ
where (λ J,k ) mn represents the mn-entry of the k-th spin or multipolar matrixλ J,k of a single spin-J particle, andĉ n j ;J,m (ĉ † n j ;J,m ) denotes the spin-J bosonic or fermionic annihilation (creation) operator of the spatial mode n j and the magnetic sublevel m z = J + 1 − m. Here, we defineλ n j ;J,k in Eq. (1) so that the first three observables are given by the Cartesian components of the spin vector, the next five are given by the five independent components of the quadrupolar tensor, the next seven are the seven independent components of the octupolar tensor [19] , and so on. We also note that the matricesλ J,k are normalized so that their trace norms satisfy
A CSS can be completely described by the collective observables of the single spin and multipolar observables given in Eq. (1). Squeezing can redistribute quantum fluctuations in these collective observables. The second-quantized forms of the collective observablesΛ J,k can be expressed aŝ
The observablesΛ J,k in Eq. (3) satisfy the same commutation relations asλ J,k in Eq. (1) . This implies that they also generate the su(2J + 1) algebra and the matrices {λ J,k } can be regarded as the irreducible representation of {Λ J,k } in the basis of {|J, m z }, which represents the basis of the single-spin magnetic sublevels with respect to the quantization axis along the z axis. Thus, a collective observableÔ J of the collective su(2J + 1) system can be expressed by a (2J + 1)-dimensional matrix representationÕ J in the representation space of V ({|J, m z }) as follows:
where the real coefficients v J,k satisfy
Classification based on unitary equivalence classes
We consider squeezing among three observables {Ô J,k } (k = 1, 2, 3) of the collective su(2J + 1) system, which form an su(2) subalgebra of the su(2J + 1) algebra and satisfy the commutation relations given by
whereÔ J,± ≡Ô J,1 ±iÔ J,2 and f > 0 represents the magnitude of the structure constant. Note that f in Eq. (5) is not always f = 1, since ±f are equivalent to the structure factors of the su(2J + 1) algebra. The squeezing among an su(2) subalgebra {Ô J,k } can be classified based on the unitary equivalence class. The unitary equivalence class of the squeezing among {Ô J,k } can be determined by the (2J + 1)-dimensional matrix representation of {Ô J,k } in the space of V ({|J, m z }) spanned by the basis {|J, m z }. The unitary equivalence class is defined as follows: Suppose {X k } and {X ′ k } are the n-dimensional matrix representations of the semi-simple Lie algebra. Then, the representations {X k } and {X ′ k } belong to the same unitary equivalence class, if there exists an SU(n) transformation matrixŨ such thatŨX kŨ † =X ′ k for ∀k. In our case, {Õ J,k } is the (2J + 1)-dimensional matrix representation of the generators of the su(2) algebra, which is semi-simple; hence {Õ J,k } should be completely reducible. The matrix representation {Õ J,k } and its representation space V ({|J, m z }) can be decomposed into the direct sum of the lower dimensional irreducible representations of the su(2) generators and their representation spaces, respectively. Suppose the dimension of the l-th irreducible representation is 2J l +1. Then, there exists an orthonormal basis set {|J l , m l l } (m l = −J l , · · · , J l ) such that the l-th irreducible representation of the su(2) algebra is given by the spin matrices {λ J l ,1 ,λ J l ,2 ,λ J l ,3 } for a spin-J l particle (c.f. Eq. (1)). The state |J l , m l l can be expressed as a linear combination of |J, m z (m z = −J, · · · , J), and {|J l , m l l } and
are orthogonal to each other. Then, the completely reducible representation of {Õ J,k } can be expressed asÕ
In Eq. (6), r expresses the number of the irreducible representations and the "subspins"
which can be derived from the irreducibility of {λ J l ,k } and the normalization condition in Eq. (2). Here, we note that
and we define {λ J l =0,k } = {0, 0, 0}. If two sets of the generators of the su (2) 
where
Equation (10) implies that the structure constants f and f ′ are equal. If two sets of the generators of the su(2) subalgebras, {Õ J,k } and {Õ ′ J,k }, do not belong to the same unitary equivalence class, Eq. (10) does not hold, since a unitary matrix transforms the basis but it cannot change r and J l . The unitary equivalence classes of the su(2J + 1) algebra can be systematically found via the Dynkin diagram of the su(2J + 1) algebra as explained in 2.3. 
(ii) If a magnetic sublevel J − l ′ is isolated from the connected simple roots, then it is substituted by the one-dimensional element, i.e., 0.
Dynkin diagram and unitary equivalence class
The decomposition of the generators {Õ J,k } of the su(2) subalgebra in Eq. (6) can be derived from the Dynkin diagram of the su(2J + 1) algebra. In the Dynkin diagram of the su(2J + 1) algebra, the 2J simple roots are connected as shown in Fig. 1 (a) . Here, the k-th vertex represents the k-th simple root α k that corresponds to the raising matrix A J,k from the k-th sublevel to the (k+1)-th sublevel with respect to the quantization axis determined by the Cartan subalgebra. For the generators of the Cartan subalgebra, we choose the z component of the spin vectorλ J,3 and the other 2J − 1 diagonal matrices. Then the quantization axis is given by the z axis, which implies thatÃ J,k raises the sublevel from m z = J − k to m z = J − k + 1 as follows:
The matrix products ofÃ J,k and their linear combinations reproduce the spin and multipolar observablesλ J,k . We can construct a complete irreducible representation by choosing 1 ≤ n ≤ 2J vertices from the 2J vertices and substituting l-connected roots of α k , α k+1 , · · ·, Fig. 1 (b)-(i) . If the magnetic sublevel of m z is not involved by the connected simple roots, then it is substituted by the one-dimensional element of 0. This procedure is equivalent to the decomposition of V ({|J, m z }) into the subspaces in Eq. (6) Arranging the irreducible representations so that their dimensions satisfy Eq. (8), we can obtain the decomposition in Eq. (6) . Since the Dynkin diagram does not depend on the choice of the basis, any (2J +1)-dimensional matrix representation can be obtained by rotating one of the representations derived from the Dynkin diagram via an SU(2J + 1) unitary matrix.
Properties of squeezing determined by unitary equivalence classes
Squeezing parameters
The properties of the squeezing reflect the structure of the unitary equivalence class, i.e., the subspins and the initial coherent state. To confirm this, let us consider squeezing among an su(2) subalgebra {Ô J,k }, which can be decomposed into Eq. (6) with the subspins {J l }. A CSS [20, 21, 22, 23] can be expressed in terms of two parameters θ ∈ [0, π] and φ ∈ [0, 2π) as
where r l=1 |ζ l | 2 = 1 and the single particle states |θ, φ l in Eq. (12) for J l = 0 and J l = 0 are defined in terms of the basis {|J l , m l l } as (12) satisfies the minimum uncertainty relation
where X represents the expectation value of an observableX, the quantum fluctuation inX is defined as (∆X) 2 = X 2 − X 2 , andÔ J,ν andÔ J,⊥ are given bŷ
O J,ν ≡Ô J,1 (cos φ cos θ cos ν − sin φ sin ν)
respectively. The expectation values in Eq. (14) can be obtained via the Schwingerboson approach described in Appendix A as
Equations (14), (17) and (18) | Ô J,⊥ |; hence, the squeezing can be characterized by the squeezing parameter ξ defined as
where min ν (∆O J,ν ) 2 is the quantum fluctuations in Eq. (16) (12) and it implies that a state giving ξ 2 < 1 is squeezed. We note that Eq. (19) is equivalent to the Wineland's squeezing parameter [7] when the coefficients {|ζ l | 2 } of the initial CSS in Eq. (12) are given by |ζ l | 2 = δ l,l 0 with l 0 such that J l 0 = 0. The squeezing parameter ξ in Eq. (19) is characterized by the subspins and the initial CSS, both of which reflect the structure of the unitary equivalence class of the spin and multipolar observables {Ô J,k } generating the su(2) subalgebra.
Squeezed and anti-squeezed quantum fluctuations for one-axis twisting interactions
Let us calculate the squeezing parameter ξ in Eq. (19) for an SSS generated via the one-axis twisting interaction [6] . We consider the one-axis twisting interaction , φ = 0 tot in Eq. (12) . Defining the rescaled evolution time µ ≡ 2χf 2 t, we can express the one-axis-twisted SSS |Ψ OAT (J, N; µ) tot at µ as
In this case, the observableÔ J,⊥ is given byÔ J,1 and its expectation value at time µ can be obtained in a manner similar to Eqs. (17) and (18) as
as detailed in Appendix A. The quantum fluctuations in the plane perpendicular toÔ J,⊥ can be simplified as a function of ν as
Here, A l and B l are defined as
Equation (23) is periodic with respect to ν, so there exist the minimum and the maximum, i.e., the squeezed and anti-squeezed quantum fluctuations, respectively. The squeezing parameter ξ 2 (µ = 0) = 1 for the initial CSS in Eq. (12) and the spins are said to be squeezed when ξ 2 (µ) < 1. The squeezing limit in Eq. (19) can be analytically obtained in the limit of µ ≪ 1 and N ≫ 1, when the subspins {J l } in Eq. (6) 
and the expectation value perpendicular to the O J,2 -O J,3 plane in Eq. (22) is
Here, we assume that µ and N satisfy α ≡ (19), we obtain the squeezing parameter for r = 1 up to the second order in β as:
where ν ≃ −
. The minimum of Eq. (28), i.e., the squeezing limit is achieved at µ = µ min = (12) 1/6 (J l 0 N) −2/3 are given by
which implies that the squeezing limit monotonically decreases with increasing J l 0 .
Application to collective su(4) systems
Complete set of collective spin and multipolar observables
To examine the squeezing parameter in Eq. (19) for r > 1, especially the {|ζ l | 2 }-dependence of the squeezing limit, let us consider a collective su(4) system consisting of N spin-3/2 particles as an example. In this case, the observables that can completely characterize collective spin states are the spin vector, the quadrupolar tensor, and the octupolar tensor. The Cartesian components of the spin vectorλ n j ;J= 3 2 ,k (k = 1, 2, 3) can be given bŷ
,mĉ n j ; 3 2 ,n ,
whereλ 3 2 ,k represent the spin-3/2 matricesJ µ (µ = x, y, z) given by Eq. (B.1). The matrix representations of the five independent components of the quadrupolar tensor and the seven independent components of the octupolar tensor [19] can be respectively expressed in terms ofJ µ as
where (µ, ν) = (x, y), (y, z), (z, x) in Eq. (31), and
where (µ, ν, η) = (x, y, z), (y, z, x), and (z, x, y) and the overbars above the matrix products are defined asÃB 2 =ÃB 2 +BÃB +B 2Ã andÃBC =ÃBC +BCÃ + CÃB +BÃC +CBÃ +ÃCB with respect to the matricesÃ,B, andC. Here we note that the matrix representations of the spin and multipolar observables in Eqs. 
Four types of squeezing
There exist four unitary equivalence classes of the su(2) subalgebras in the su(4) algebra, which can be found as explained in Sec. 2.3. First, let us construct the Dynkin diagram and consider the relation between the simple roots and the spin and multipolar 
where we defineJ ± ≡J x ± iJ y ,Q ± ≡Q zx ± iQ yz ,T 
,11 ,
The type (i) squeezing in Eq. (42) is equivalent to the spin squeezing among {Ĵ x ,Ĵ y ,Ĵ z } and the type (iii) squeezing in Eq. (46) is equivalent to the quadrupole-octupole squeezing among {T β z ,T xyz ,Ŷ } and the quadrupole squeezing among {Q zx ,Q yz ,Ŷ }.
Squeezing limits for four types of squeezing
In the case of the type (i) in Eq. (42), r = 1 and the squeezing limit for the one-axis twisting is given by Eq. (29) as
which is achieved at the evolution time of µ min = 2 √ 3 × N −2/3 corresponding to
× N −2/3 . In the case of the types (ii)-(iv) in Eq. (44)-(46), the squeezing limits depend on the initial coherent state in Eq. (12) in general; however, the squeezing limits for the types (ii) in Eq. (44) and (iv) in Eq. (46) can be calculated in the same manner as the type (i), when |ζ l | 2 = δ l1 in the initial state in Eq. (12) . They are given by respectively. The minimum squeezing limits in Eqs. (48) and (49) are achieved at
× N −2/3 ), respectively. If |ζ l | 2 = 0 for ∃l > 0, the squeezing limits for types (ii) and (iv) cannot be obtained by the expression in Eq. (29). We numerically calculate the |ζ 1 | 2 -dependences of the squeezing limits and their corresponding evolution times and illustrate them in Figs. 3 (a) and (b) . In Figs. 3, we plot the squeezing limit ξ 2 min and the evolution time µ min with respect to 1 − |ζ 1 | 2 . The squeezing limits for the types (ii) and (iv) monotonically decrease with increasing |ζ 1 | 2 . For |ζ 1 | 2 ≃ 1, the squeezing limits are almost equal to Eqs. (48) and (49), respectively; however, for |ζ 1 | 2 < 0.2, the minimum squeezing limits sharply increase due to the decreases in the number of the Schwinger bosons which are nonlinearly interacting via the one-axis twisting interactions in Eq. (20) .
In the case of the type (iii) in Eq. (45), r = 2 and J 1 = J 2 = 1/2, the |ζ 1 | 2 -dependence of the minimum squeezing limit is periodic because of the symmetry with respect to the two subspaces. To see this, let us derive the expression for the squeezing limit for the type (iii):
where ∆ l 's (l = 1, 2) are defined as
When the initial state is given by |ζ l | 2 = δ l1 , the squeezing limit is given by Eq. (49) at µ min = 2 × 3 1/6 × N −2/3 , which are same as those for the type (iv) with the initial state of |ζ l | 2 = δ l1 , while the evolution time t min = 3 1/6 5χ × N −2/3 is two times larger than that for the type (iv) with the initial state of |ζ l | 2 = δ l1 . When the initial state is the equal superposition of the two subspaces, i.e., |ζ l | 2 = 1 2
, the squeezing limit can be obtained by assuming α ≫ 1 and β ≪ 1 to be
at the evolution time of
. Equation (52) is 6 . The dependence of the squeezing limit on the number of spins for
is shown in Fig. 4 (b) , which can be well fitted to , although the squeezing limit is still below the standard quantum limit of ζ 2 = 1. The evolution time corresponding to the squeezing limit for |ζ 1 
can be well fitted to
with respect to the number of spins N by the least squared method.
Conclusion
In this paper, we consider the collective su(2J + 1) systems and classify the squeezing among the spin and multipolar observables generating the su(2) subalgebra of the su(2J + 1) algebra, based on the unitary equivalence class of the su(2J + 1)-dimensional representations of the observables. The matrix representations of the observables and their representation spaces can be decomposed into the direct sums of the lower dimensional irreducible representations of the su(2) generators in Eq. (6) . This implies that if two sets of observables belong to the same unitary equivalence class, they can be decomposed into the same matrix representation in Eq. (6) whose bases can be transformed to each other via an SU(2J +1) transformation; hence they are characterized by the same subspins {J l } in Eq. (6) giving the structure factor f in Eq. (7). The unitary equivalence class of the su(2) subalgebra in the su(2J + 1) algebra can be found by choosing vertices in the Dynkin diagram of the su(2J + 1) algebra as shown in Fig. 1 . The squeezing limits are determined by the dimensionality of the unitary equivalence class of the observables and the initial CSS involved by the squeezing. Taking the one-axis-twisted SSS for example, we calculate the squeezing limit ξ 2 min , which is given by the function in Eq. (19) in terms of the subspins {J l } in the irreducible representations in Eq. (6) and the coefficients {|ζ l | 2 } of the initial CSS in Eq. (12) . When |ζ l | 2 = δ l1 in Eq. (12), the squeezing limit ξ 2 min in Eq. (29) for the one-axis twisted SSS achieved to be proportional to (J l 0 N) −2/3 at the evolution time of µ ≡ 2χf 2 t ∝ (J l 0 N) −2/3 in the limit of J l 0 Nχf 2 t ≫ 1 and J l 0 N(χf 2 t) 2 ≪ 1, which implies that the squeezing among the observables, of which matrix representations are irreducible, gives the minimum squeezing limit of the collective su(2J + 1) consisting of N spin-J particles. In the case of |ζ l 0 | 2 < 1 and ∃ |ζ l =l 0 | 2 = 0, the analytical expressions of the squeezing limits in Eq. (19) cannot be easily obtained due to the interference between the representation spaces in Eq. (6) .
Finally, we apply our classification to the squeezing in the collective su(4) systems and obtain the squeezing limits analytically or numerically. The squeezing can be classified into one of four unitary equivalence classes as shown in Fig. 2 . Their squeezing limits depends on the coefficients {|ζ l | 2 } in the initial coherent states in Eq. (12) as well as the subspins {J l }, whose behaviors were numerically calculated as shown in Figs.3  (a) and 4 (a) . Since the subspins and the initial coherent sate reflect the structure of the unitary equivalence class of the spin and multipolar observables; hence the unitary equivalence class of the observables can be considered as one of the systematical ways to classify and quantify the squeezing.
Thus, the expectation values in Eqs. (15) and (16) for the CSS of Eq. (12) can be obtained as Eqs. (17) and (18) and
The l-th one-axis twisting interaction χf 2Λ2 J l ,3 in Eq. (A.8) squeezes the l-th CSS in Eq. (A.9). The one-axis-twisted SSS of the l-th Schwinger bosons at µ is given by
Here, we note that for an observableX J l , two SSSs |ψ OAT (
, 2J l n l ; µ) l and |ψ OAT ( 1 2 , 2J l n ′ l ; µ) l in the l-th subspace satisfy ,k C can be simultaneously diagonalized; hence they have the same
